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In this paper, the attention is drawn to a special Bricard linkage with both line and plane
symmetry. The closure equations of the linkage have been derived. The characteristics of
bifurcation have been discussed in details. The result not only provides the solution to avoid
bifurcation, but also offers the possibility in design of reconfigurable structures.
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1. Introduction

Overconstrainedmechanisms are a kind ofmobilemechanismswithout satisfying the Kutzbach criterion [1] due to their special
geometrical properties [2]. Among six-bar overconstrained mechanisms with revolute joints, the most remarkable are ‘Bricard
linkages’. Bricard described three different types ofmobile octahedra [3], and later three additional types ofmobile linkages, namely
the line-symmetric, the plane-symmetric and the trihedral linkages [4]. Bennett studied the geometry of the three types of
deformable octahedra, and presented the kinematic properties of these mechanisms [5]. A thorough analysis of all six Bricard
linkageswas doneby Baker [6],whodelineated themby appropriate sets of independent closure equations. He also pointed out that
the line-symmetric octahedral linkage is a special case of Bricard's more general line-symmetric linkage. The five types of Bricard
linkage are the only six-bar, closed-loop mechanisms with revolute joints which are independent of four-bar or five-bar
mechanisms. Other six-bar spatial mechanisms with revolute joints, such as the linkages discovered by Sarrus [7], Bennett [8],
Goldberg [9], Waldron [10], Wohlhart [11], Mavroidis and Roth [12], Dietmaier [13], can be obtained by combining or generalising
four-bar or five-bar linkages. Altmann reported a 6R linkage [14], which is the special case of both line-symmetric and trihedral
cases of Bricard linkage.Wohlhart presented a new six-bar linkage, which can be regarded as a generalisation of Bricard's trihedral
linkage [15]. And Schatz linkage [16] can be formed bymodifying the special plane-symmetric and/or trihedral Bricard linkage [17].

A number of works have been done on the kinematics of Bricard linkage. Yu pointed out that the links and hinge axes of the
trihedral Bricard linkage form the twelve edges of a hexahedron [18]. He investigated two geometrical aspects of the hexahedron,
namely, its circumscribed sphere and its associated quadric surface. The former leads to a solution for its angular relationships; the
latter offers a physical interpretation of the central axis of the special complex to which the six hinge axes belong. Wohlhart
studied one of the Bricard linkages, the orthogonal Bricard linkage, and showed that two clearly distinct types of this linkage exist,
and that only one of them can be characterised by a set of systemparameters proposed by him [19]. Baker found that the stationary
configurations of a special line-symmetric octahedral case of Bricard linkage are precisely equivalent to the minimum energy
conformations of the flexing molecule [20]. Chai and Chen found that with the six zero-length links of the same twist and the six
revolute joints of the same offset, a special line-symmetric octahedral Bricard linkage can be formed [21]. Moreover, one or two
structural closures always exist with the identical set of links and joints. The kinematic path and bifurcation of the threefold-
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Fig. 1. Coordinate systems, parameters and variables for two adjacent links connected by revolute joints.
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symmetric Bricard linkage was studied by Chen et al. [22]. One of special case of this linkage can be used as a deployable unit for
large scale structure [23].

On analysing the kinematic path of linkage,Denavit andHartenberg introduced thematrixmethod to form the closure equations
of the linkages. By solving the closure equations with free kinematic variables [24–26], the kinematic path of the linkage can be
generated. However, not all the kinematic path can be represented with explicit equation as Bennett did to the Bennett linkage
[26,27]. In this case, the numerical approach has to be applied. Singular value decomposition (SVD) of the Jacobian matrix is an
efficient method in generating the kinematic path for complicated linkages [28–30]. Meanwhile, the singular value or the rank of
the Jacobian matrix will indicate the degree of mobility of linkages, which is a powerful tool to find the bifurcation point [31–34].

This paper focuses on a special Bricard linkage with both line and plane symmetry. The closure equations and bifurcation
behaviours of the linkage are investigatedwithmatrixmethod and singular value decomposition of Jacobianmatrix. The layout of the
paper is as follows. Section 2 sets up the geometric condition and closure equations of the line and plane symmetric Bricard linkage. In
Section 3, the bifurcation of the linkage will be investigated in depth. The conclusions and discussion in Section 4 end the paper.

2. The special line and plane symmetric Bricard linkage and its closure equations

The coordinate systems, geometrical parameters and variables related to the links connected by revolute joint are shown in
Fig. 1. Here, ai(i+1) is the shortest distance between axes zi and zi+1, also referred as length of link i(i+1). αi(i+1) is the angle
of rotation from axes zi to zi+1 positively about axis xi, also referred as twist of link i(i+1). Ri is the distance from link (i−1)i to
link i(i+1) positively about zi, also referred as offset of joint i. And θi is the revolute variable of the linkage, which is the angle of
rotation from xi−1 to xi positively about zi.

The geometric conditions of the line-symmetric Bricard linkage and the plane-symmetric one can be summarised as follows [6].

(a) The general line-symmetric case
1 In [
the pair
−R6, R3
a12 = a45; a23 = a56; a34 = a61;
α12 = α45; α23 = α56; α34 = α61;
R1 = R4; R2 = R5; R3 = R6:

ð1Þ

Themotion sequence of such linkage is shown in Fig. 2, in which each point, joint or link of the linkage is line-reflected about
the line of symmetry which is in the centre of linkage all the time.
(b) The general plane-symmetric case
a12 = a61; a23 = a56; a34 = a45;
α12 + α61 = 2π; α23 + α56 = 2π; α34 + α45 = 2π;
R1 = R4 = 0; R2 = −R6; R3 = −R5:

ð2Þ1
6], α12+α61=π, α23+α56=2π, α34+α45=π and R1=R4=0, R2=R6, R3=R5. In [17], it was pointed out that the in the plane symmetric Bricard linkage,
s of opposite angles are equal in magnitude but of opposite hand. So in this paper, α12+α61=2π, α23+α56=2π, α34+α45=2π and R1=R4=0, R2=
=−R5 are used for the following analysis. As a result, θ2=θ6, θ3=θ5 rather than θ2+θ6=2π, θ3+θ5=2π.



Fig. 2. The motion sequence of line-symmetric Bricard linkage.
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The motion sequence of such linkage is shown in Fig. 3, in which each point, joint or link of the linkage is plane-reflected
about the plane of symmetry which always passes through joint axes 1 and 4.

Nowwe set up a special Bricard linkage with both line and plane symmetry, whose geometric parameters are as follows.
a12 = a34 = a45 = a61; a23 = a56 = 0; ð3aÞ

α12 = α45 = −α34 = −α61; ð3bÞ

α23 = α56; ð3cÞ

R1 = R4 = 0;−R2 = R3 = −R5 = R6: ð3dÞ
Comparing (3) with (1), we can tell this linkage is a line-symmetric Bricard linkage with symmetric line passing through the
centre and perpendicular to the paper for the configuration in Fig. 4(a).

However, if one of x axes of the zero-length links 23 and 56 is reversed, the twists α23 or α56 will change accordingly. Here, we
turn the axis x6 at point B perpendicular to axes z5 and z6 pointed into the paper, as shown in Fig. 4(b). Then (3c) becomes
α56 = 2π−α23; ð3c′Þ

indicates that this linkage is a plane-symmetric Bricard linkage as well by comparing with (2). So it is called line and plane
which
symmetric Bricard linkage.

For the special line and plane symmetric Bricard linkage, there are six revolute variables, θi (i=1, 2,…, 6). Following Denavit
and Hartenberg's matrix method, the loop closure equation can be derived as [T61]… [T34] [T23] [T12]=[I], or
T21½ � T32½ � T43½ � = T61½ � T56½ � T45½ �: ð4Þ
Because the linkage is line-symmetric, we have
θ4 = θ1; θ5 = θ2; θ6 = θ3: ð5aÞ
Fig. 3. The motion sequence of plane-symmetric Bricard linkage.

image of Fig.�2
image of Fig.�3


Fig. 4. The special Bricard linkage, (a) in line-symmetric setting-up; (b) in plane-symmetric setting-up.
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Because the linkage is also plane-symmetric, we have θ6=θ2+π under line-symmetric setup in Fig 4(a), i.e.,
where
θ3 = θ2 + π: ð5bÞ
Set the geometric parameters of the linkage as
a12 = a34 = a45 = a61 = a; a23 = a56 = 0;
α23 = α56 = α;−α12 = −α45 = α34 = α61 = β;
R1 = R4 = 0;−R2 = R3 = −R5 = R6 = R:

ð6Þ

aN0, α∈(0,π), β∈(0,π/2] and RN0 due to the symmetric characteristics.

image of Fig.�4


Fig. 5. The kinematic path of θ2 vs. θ1 for a set of α and β. (a) α = π
3 and β = π

3; (b) α = 115
180π and β = π

3.
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Substituting (5) and (6) into (4), the closure equation of this special Bricard linkage is obtained as
tan
θ1
2

=
sinα cos β sin θ2− 1 + cosαð Þ sin β sin θ2 cos θ2

sin β cos β 1 + cos2 θ2
� �

cosα−sin2 θ2
� �

+ sinα cos θ2 1−2 cos2 β
� � : ð7Þ
Fig. 6. The motion sequence for the linkage α = 115
180π, β = π

3 and R
a = 1.

image of Fig.�5
image of Fig.�6


Fig. 7. The relationship between singular values of Jacobian matrix and kinematic variable θ1 for linkages, in which the sixth singular value (SV6) is always zero.
(a) For linkage with α = 115

180π, β = π
3 and R

a = 1; (b) for linkage with α = 115
180π, β = π

3 and R
a = 2; and (c) for linkage with α = 115

180π, β = π
3 and R

a = 1
4.
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d (7) form a set of five independent closure equations of the line and plane symmetric Bricard linkage. Therefore, only one of
(5) an
six revolute variables is free, which confirms that the linkage has only one degree of mobility. From (7), we can tell that the
kinematic path of the linkage is only related to twist angles α and β, and does not change with link length a and offset R. Fig. 5
shows the kinematic path of θ2 vs. θ1 for a set of α and β. The motion sequence of such linkage is shown in Fig. 6.
3. The analysis of bifurcation

The previous work has indicated the existence of bifurcation for a special line and plane symmetric Bricard linkage with β fixed
to π/2 [35]. In order to investigate the bifurcation of the linkage in general case, the numerical method, singular value
decomposition (SVD) [36] of Jacobian matrix of the system with the predictor and corrector step [30], is applied to get
the kinematic path without considering the symmetric condition of the kinematic variables such as θ1=θ4, θ2=θ5, θ3=θ6, and
θ3=θ2+π.

The kinematic path of θ2 vs. θ1 for any α and β gets from the SVD method is the same as the analytical result from matrix
method discussed in last section. The other kinematic variables satisfy that θ1=θ4, θ2=θ5, θ3=θ6 and θ3=θ2+π, which proves
that the linkage is kept in both line and plane symmetry along the whole kinematic path.

Using the SVD method, the six singular values of Jacobian matrix can be monitored. The sixth singular value of the Bricard
linkage is always zero, corresponding to the one degree of mobility. Meanwhile, there are some points that the fifth singular value
becomes zero when the linkage moves on the kinematic path, which indicates the increase of kinematic indeterminacy,
corresponding to the bifurcation of the linkage. Unlike the kinematic path, the bifurcation points are decided not only by the twist
angles α and β, but also by the link length a and offset R. For example, for the linkage in Fig. 6, there is no bifurcation point as
proven by the singular value of Jacobianmatrix shown in Fig. 7(a). However, when α is kept as 115π/180, β is kept as π/3, and R/a is
changed from 1 to 2 and 1/4, both linkages exhibit different bifurcation behaviours, as indicated by the singular value of Jacobian
matrix in Fig. 7(b) and (c), respectively. For both linkages, the fifth singular value of Jacobian matrix is equal to zero at certain
point, which is the bifurcation point.

The configurations at the bifurcation points have been studied carefully, which can be divided into following three types.

Bifurcation I: The bifurcation between the line and plane symmetric Bricard linkage and the spherical 4R linkage.
At this bifurcation point, we have found that the axes of revolute joints 2, 3, 5, and 6 meet at the same point, as shown in Fig. 8,

due to the line and plane symmetry of the linkage. As a result, the linkage bifurcates to a spherical 4R linkage with active revolute
joints 2, 3, 5, and 6 while links 12, 61 and joint 1 rigidify into a single link, so do the links 34, 45 and joint 4.
Fig. 8. The linkage at Bifurcation I configuration.

image of Fig.�8
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From the geometric relationship, it can be derived that only when
such b

Fig. 9. K
for the
(e)–(g)
R
a
≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin2 β−1− cosα
sin2 β 1 + cosαð Þ

s
; ð8Þ

ifurcation occurs at

θB11 = −2 arctan
a

R sin β

� �
: ð9Þ
For example, when α = 115
180π, β = π

3 and
R
a = 2, the motion sequence of the linkage is shown in Fig. 9. The kinematic path of

the line and plane symmetric Bricard linkage (the black curve) intersects with the kinematic path of the spherical 4R linkage (the
light grey curve) at the bifurcation point B1, whose configuration is shown in Fig. 9(d).

Bifurcation II: The bifurcation between the line and plane symmetric Bricard linkage and the plane-symmetric Bricard linkage.
inematic paths of the linkage with α = 115
180π, β = π

3 and
R
a = 2, where the path for the line and plane symmetric Bricard linkage is in black and the one

spherical 4R linkage is in light grey. (a)–(c) are the motion sequence of the line and plane symmetric Bricard linkage; (d) is the bifurcation configuration;
are the motion sequence of the spherical 4R linkage.

image of Fig.�9


Fig. 10. The linkage at Bifurcation II configuration.

523Y. Chen, W.H. Chai / Mechanism and Machine Theory 46 (2011) 515–533
At this bifurcation point, the linkage is in the configuration that the axes of revolute joints 1 and 4 intersects with the line AB at
point C, as shown in Fig. 10, due to the symmetry of the linkage. Here, all six revolute axes intersect line ABwhich is the transversal.
The bifurcation leads the linkage into a kinematic path of a plane-symmetric Bricard linkage without line symmetry.

From the geometric relationship, it can be derived that only when
such b

at
R
a
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

sin2 β sin2 β tan2 α
2 − cos2 β

� �
s

; ð10Þ

ifurcation occurs at

θB21 = 2 arctan
R sin β

a

� �
: ð11Þ
For example, when α = 115
180π, β = π

3 and
R
a = 1

3, the motion sequence of the linkage is shown in Fig. 11. The kinematic path of
line and plane symmetric Bricard linkage (the black curve) intersects with kinematic path of plane symmetric Bricard linkage (the
dark grey curve) at the bifurcation point B2, whose configuration is shown in Fig. 11(d).

Bifurcation III: The bifurcation between the spherical 4R linkage and the plane-symmetric Bricard linkage.
When the conditions in Types I and II are both satisfied, the linkage has two bifurcation points, one is the bifurcation to the

spherical 4R linkage at θ1B1 and the other one is the bifurcation to the plane-symmetric Bricard linkage at θ1B2. Interestingly, for some
linkage, there is an intersection point between the kinematic path of the spherical 4R linkage and that of the plane-symmetric
Bricard linkage shown by the example in Fig. 12. Detail analysis shows this point is the third bifurcation point between the
spherical 4R linkage and the plane-symmetric Bricard linkage, which can be confirmed by the singular values of Jacobianmatrix for
the linkage on the kinematic paths of the line and plane symmetric Bricard linkage and plane-symmetric Bricard linkage shown in
Fig. 13. It has been found that at the third bifurcation position, the linkage is under a plane-symmetric configuration of the crossed
spherical 4R linkage without line symmetry as shown in Fig. 14. Such bifurcation occurs only when
R
a
≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin2 β−1 + cosα
sin2 β 1−cosαð Þ

s
; ð12Þ

θB31 = θB1
1 = −2 arctan

a
R sin β

� �
; ð13Þ

the joint 1 is rigid on the path of the spherical 4R linkage.
due to
It should be noticed that Bifurcation III occurs after the line and plane symmetric Bricard linkage bifurcates to the spherical 4R

linkage or the plane-symmetric Bricard linkage. However, it is not necessary that the line and plane symmetric Bricard linkage has

image of Fig.�10


Fig. 11. Kinematic paths of the linkagewithα = 115
180π, β = π

3 and
R
a = 1

3, where the path for the line and plane symmetric Bricard linkage is in black and the one for
the plane-symmetric Bricard linkage is in dark grey. (a)–(c) are the motion sequence of the line and the plane symmetric Bricard linkage; (d) is the bifurcation
configuration; (e)–(g) are the motion sequence of the plane-symmetric Bricard linkage.
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both Bifurcations I and II. Under some condition, only one of them could lead the linkage into the configuration of Bifurcation III,
which will be discussed next.

From the existence conditions of Bifurcation I–III configurations in (8), (10) and (12), the bifurcation behaviours of the line and
plane symmetric Bricard linkage can be divided into six cases as summarised in Fig. 15.

Case A.
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

sin2 β sin2 β tan2 α
2 − cos2 β

� �
s

b
R
a

b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin2 β−1− cosα
sin2 β 1 + cosαð Þ

s

The linkage has no bifurcation. The linkage in Fig. 6 is in this case.

Case B.
R
a
≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin2 β−1− cosα
sin2 β 1 + cosαð Þ

s
and

R
a

N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

sin2 β sin2 β tan2 α
2 − cos2 β

� �
s

:

image of Fig.�11


Fig. 12. Kinematic paths of the linkage with α = π
3, β = π

3 and
R
a = 5

2, where the path for the line and plane symmetric Bricard linkage is in black, the one for the
spherical 4R linkage is in light grey and the one for the plane-symmetric Bricard linkage is in dark grey. (a)–(b) are the motion sequence of the line and plane
symmetric Bricard linkage; (c) is the case I bifurcation configuration; (d)–(f) are the motion sequence of the spherical 4R linkage; (g) is the case III bifurcation
configuration; (h)–(i) are the motion sequence of the plane-symmetric Bricard linkage; and (j) is the case II bifurcation configuration.
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There is one bifurcation between the line and plane symmetric Bricard linkage and the spherical 4R linkage. Furthermore, there
is one bifurcation between the spherical 4R linkage and the plane-symmetric Bricard linkage because
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

sin2 β sin2 β tan2 α
2 −cos2 β

� �
s

≥
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin2 β−1 + cosα
sin2 β 1−cosαð Þ

s

y parameters. Note that there is no bifurcation between the line and plane symmetric Bricard linkage and the plane-
for an
symmetric Bricard linkage, as shown in Fig. 16.

Case C.
R
a
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin2 β−1−cosα
sin2 β 1 + cosαð Þ

s
and

R
a
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin2 β−1 + cosα
sin2 β 1−cosαð Þ

s
:

There is only one bifurcation between the line and plane symmetric Bricard linkage and the plane-symmetric Bricard linkage.
The linkage in Fig. 11 is in this case.

image of Fig.�12


Fig. 13. The relationship between singular values of Jacobian matrix and kinematic variables for linkage with α = π
3, β = π

3 and
R
a = 5

2, in which the sixth singular
value (SV6) is always zero. (a) Singular values vs. θ1 on the path of the line and plane symmetric Bricard linkage; and (b) Singular values vs. θ1 on the path of the
plane-symmetric Bricard linkage.
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Case D.
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin2 β−1 + cosα
sin2 β 1− cosαð Þ

s
≤ R

a
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin2 β−1− cosα
sin2 β 1 + cosαð Þ

s
and

R
a
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin2 β−1− cosα
sin2 β 1 + cosαð Þ

s
:

There is one bifurcation between the line and plane symmetric Bricard linkage and the plane-symmetric Bricard linkage.
Furthermore, there is one bifurcation between the plane-symmetric Bricard linkage and the spherical 4R linkage. Note that there is
no bifurcation between the line and plane symmetric Bricard linkage and the spherical 4R linkage, as shown in Fig. 17.

Case E.
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin2β−1− cosα
sin2 β 1 + cosαð Þ

s
≤ R

a
b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin2 β−1 + cosα
sin2 β 1−cosαð Þ

s

There is one bifurcation between the line and plane symmetric Bricard linkage and the plane-symmetric Bricard linkage and
one bifurcation between the line and plane symmetric Bricard linkage and the spherical 4R linkage. Note that there is no
bifurcation between the plane-symmetric Bricard linkage and the spherical 4R linkage, as shown in Fig. 18.

image of Fig.�13


Fig. 15. Six bifurcation cases when (a) β = π
6; (b) β = π

4; (c) β = π
3; (d) β = π

2.

Fig. 14. The linkage at Bifurcation III configuration.
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Fig. 16. Kinematic paths of the linkage withα = 115
180π, β = π

3 and
R
a = 2,where the path for the line and plane symmetric Bricard linkage is in black, the one for the

spherical 4R linkage is in light grey and the one for the plane-symmetric Bricard linkage is in dark grey. (a)–(c) are the motion sequence of the line and plane
symmetric Bricard linkage; (d) is the case I bifurcation configuration; (e)–(g) are the motion sequence of the spherical 4R linkage; (h) is the case III bifurcation
configuration; and (i)–(j) are the motion sequence of the plane-symmetric Bricard linkage.
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Case F.
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin2 β−1 + cosα
sin2 β 1−cosαð Þ

s
≤ R

a
≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

sin2 β sin2 β tan2 α
2
− cos2 β

	 

vuut

and
R
a
≥

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 sin2 β−1−cosα
sin2 β 1 + cosαð Þ

s
:

There is one bifurcation between the line and plane symmetric Bricard linkage and the plane-symmetric Bricard linkage and
one bifurcation between the line and plane symmetric Bricard linkage and the spherical 4R linkage. Furthermore, there is one
bifurcation between the plane-symmetric Bricard linkage and the spherical 4R linkage. The kinematic paths of three linkages with
three bifurcation points form a closed curve as demonstrated by the linkage in Fig. 12.

image of Fig.�16


Fig. 17. Kinematic paths of the linkage withα = 115
180π, β = π

3 and
R
a = 2

3, where the path for the line and plane symmetric Bricard linkage is in black, the one for the
spherical 4R linkage is in light grey and the one for the plane-symmetric Bricard linkage is in dark grey. (a)–(c) are the motion sequence of the line and plane
symmetric Bricard linkage; (d)–(e) are the case I bifurcation configurations; (f)–(h) are the motion sequence of the plane-symmetric Bricard linkage; (i)–(j) are
the case III bifurcation configurations; and (k) is the motion sequence of the spherical 4R linkage.
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Noted from Fig. 15 that, for β∈(0,π/2], the bifurcation has following characteristics:

• The areas of Cases A, B, and E increase with β.
• There is no Case C for β∈(0,π/4] and the area of Case C increases with β when β∈(π/4,π/2].
• The area of Case D increases with β when β∈(0,π/4] and decreases when β∈(π/4,π/2]. And when β=π/2, Case D is on the
boundary of Cases A and C.

• The area of Case F decreases with β. And when β=π/2, Case F is on the boundary of Cases B and E.

4. Conclusions and discussion

In this paper, we first set up and analyse a special line and plane symmetric Bricard linkage to derive its closure equations. Then
the bifurcation of this linkage has been investigated in depth. Generally, there are three types of bifurcation occurring at three
special configurations, which are the bifurcation between the line and plane symmetric Bricard linkage and the spherical 4R
linkage at the configuration that revolute axes of joints 2, 3, 5, and 6 meet at the same point; the bifurcation between the line and
plane symmetric Bricard linkage and the plane-symmetric Bricard linkage at the configuration that revolute axes of joints 1 and 4
intersect the line connecting zero-length links 3 and 6 at the same point; and the bifurcation between the spherical 4R linkage and
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Fig. 18. Kinematic paths of the linkage with α = π
3, β = π

3 and
R
a = 1, where the path for the line and plane symmetric Bricard linkage is in black, the one for the

spherical 4R linkage is in light grey and the one for the plane-symmetric Bricard linkage is in dark grey. (a)–(c) are the motion sequence of the line and plane
symmetric Bricard linkage; (d) is the case I bifurcation configuration; (e)–(f) are the motion sequence of the spherical 4R linkage; (g) is the case II bifurcation
configuration; and (h)–(i) are the motion sequence of the plane-symmetric Bricard linkage.
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the plane-symmetric Bricard linkage at the configuration that the crossed spherical 4R linkage under a plane-symmetric
configuration without line symmetry.

The geometric conditions of existence of such bifurcation configurations have been discussed. There are six cases of
bifurcation behaviours for the linkages with different geometric parameters. The simplest one is the linkage without any
bifurcation. For the line and plane symmetric Bricard linkage which only bifurcates to the plane-symmetric Bricard linkage,
Fig. 19. The prototype of the linkage with α = π
3, β = π

3 and
R
a = 5

2.
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some of them can further bifurcate to the spherical 4R linkage, while others cannot. All the line and plane symmetric Bricard
linkage with only bifurcation to the spherical 4R linkage can further bifurcate to the plane-symmetric Bricard linkage. And for
the line and plane symmetric Bricard linkage with both bifurcations to the spherical 4R linkage and the plane-symmetric
Bricard linkage, some have the bifurcation between the spherical 4R linkage and the plane-symmetric Bricard linkage while
others do not. When all three types of bifurcations occur for the single linkage, the motion of the linkage forms a bifurcation
loop, which is the most complicated and interesting one, as demonstrated by the prototype in Fig. 19. In order to avoid the
clashing of the physical links and joints, the prototype is designed in the alternative form of the linkage rather than the
original linkage [37,38].

It should be pointed out that there is another bifurcation on kinematic path of the spherical 4R linkage, which is between the
spherical 4R linkage and the crossed spherical 4R linkagewhen four revolute axes are co-planar, as shown in Fig. 20(d). Only when
the linkage moves from the spherical 4R linkage to the crossed spherical 4R linkage and twist between joints 2 and 3 are larger
than twist between joints 3 and 5, the linkage can further bifurcate to the plane-symmetric Bricard linkage.

When twists of the line and plane symmetric Bricard linkage satisfying that α/2+β=π/2, the linkage has another
bifurcation at the configuration that joints 1 and 4 are collinear when θ1 reaches ±π. Then the linkage bifurcates to a hinge with
axes of joints 1 and 4, while links 12, 23 and 34 and joints 2 and 3 rigidify into one piece, so do the other half side of the linkage,
see Fig. 21.

It is the line and plane symmetry which makes this special Bricard linkage have such complicated bifurcation behaviours.
Under such geometric condition, this linkage contains an identical pair of special Bennett dyads, so it is a special case of Diemaier's
Fig. 20. The bifurcation between spherical 4R linkage and crossed spherical 4R linkage for the linkage with α = π
3, β = π

3 and
R
a = 5

2. (a) is the case I bifurcation
configuration; (b)–(c) are the motion sequence on the path of the spherical 4R linkage; (d) is the bifurcation configuration between the spherical 4R linkage and
the crossed spherical 4R linkage; (e) is the motion sequence on the path of the crossed spherical 4R linkage; and (f) is the case III bifurcation configuration.
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Fig. 21. The motion sequence of the bifurcated linkage with α = π
3, β = π

3 and
R
a = 5

2 on the path of the hinge mechanism with joints 1 and 4 collinear. (b) The
configuration at the bifurcation point θ1=±π.
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6R linkage as well asWaldron's double-Bennett hybrid linkage. In order to avoid the bifurcation, the geometric parameters in Case
A should be selected to construct the linkage. Otherwise, such coincidental linkage should not be used for engineering application
in the common circumstances. However, the bifurcation could be of use for the design of reconfigurable structures. In suchway, we
can easily switch the linkage among the line and plane symmetric Bricard linkage, the spherical 4R linkage, and the plane-
symmetric Bricard linkage without re-assembling the structure. The geometric parameters in Case F should be selected for this
purpose. The detailed design and application shall be further explored.

Meanwhile, the result in this paper has also been used for the analysis of foldable frames proposed by Pellegrino et al. and Hutt
[39,40]. It has been proven that the bifurcation is unavoidable for the proposed design [35]. Future work will be carried out on how
to design a foldable frame by using Case A linkage without bifurcation.
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